Abstract. In this paper, we prove a classification theorem for the stable compact minimal submanifolds of the Riemannian product of an m1-dimensional (m1 ≥ 3) hypersurface M1 in the Euclidean space and any Riemannian manifold M2, when the sectional curvature KM 1 of M1 satisfies
Introduction
It is well-known that minimal submanifolds in a Riemannian manifold are the critical points of the volume functional. It is natural and important to study whether a given minimal submanifold is stable or not, that is, the considered minimal submanifold attains a local minimum of the volume functional or not. In fact, we call a compact minimal submanifold Σ in a Riemannian manifold M stable if the second variation of the volume is nonnegative for every deformation of Σ. The existence or non-existence of a stable minimal submanifold is very closely related to the topological and Riemannian structures of the ambient space. In this setting, Simons [8] proved the following remarkable result on the non-existence of the stable minimal submanifolds in the sphere. Theorem 1.1 (Simons, [8] ). There exist no stable compact minimal submanifolds in the Euclidean sphere S n .
Lawson and Simons [3] classified all the stable compact minimal submanifolds of the complex projective space. Ohnita [5] completed the classification of the stable compact minimal submanifolds in all the other compact rank one symmetric spaces (the real projective space P n (R), the quaternionic projective space P n (H) and the Cayley projective space P 2 (Cay)). Besides, there have been many works on the stability, instability and the index of minimal submanifolds in some other different ambient Riemannian spaces (see [1] , [2] , [4] , [6] , [10] , [11] , [12] , etc.). However, among these results, only a few particular situations have been considered in arbitrary codimensional case.
It is remarkable that very recently Torralbo and Urbano (see [9] ) proved a classification theorem for the stable compact minimal submanifolds of the Riemannian product of a sphere S m (r) and any Riemannian manifold M . They proved that Theorem 1.2 (Torralbo and Urbano, [9] ). Let M be any Riemannian manifold and Φ = (φ, ψ) : Σ → S m (r) × M be a minimal immersion of a compact n-manifold Σ, n ≥ 2, satisfying either m ≥ 3 or m = 2 and Φ is a hypersurface. Then, Φ is stable if and only if (1) Σ = S m (r) and Φ(Σ) is a slice S m (r) × {q} with q a point of M . (2) Σ is a covering of M and Φ(Σ) is a slice {p} × M with p a point of S m (r). (3) ψ : Σ → M is a stable minimal submanifold and Φ(Σ) is {p} × ψ(Σ) with p a point of S m (r). (4) Σ = S m (r) ×Σ, Φ = Id × ψ, and ψ :Σ → M is a stable minimal submanifold.
The motivation of this paper is to generalize Torralbo and Urbano's results to a Riemannian product of a δ-pinched hypersurface M 1 in the Euclidean space and an arbitrary Riemannian manifold M 2 . Note that a Riemannian manifold M is called δ-pinched (0 < δ ≤ 1) if the sectional curvature satisfies δa ≤ K M ≤ a everywhere for some positive number a, and one may take a = 1 without loss of generality. Perhaps one of the most surprising facts in this paper is that our δ is a strictly monotonically decreasing function of m 1 (= dim M 1 ), and δ converges to 0 as m 1 tends to infinity.
More precisely, we prove the following classification theorem for the stable compact minimal submanifolds of the Riemannian product of a hypersurface M 1 in the Euclidean space and any Riemannian manifold M 2 , with arbitrary codimensions.
Then, Φ is stable if and only if
In particular, when the ambient space is an m-dimensional (m ≥ 3) complete hypersurface M in R m+1 , if the sectional curvature K M of M satisfies
then there exist no stable compact minimal submanifolds in M .
Remark 1.4. Let M 1 be an ellipsoid (see [7] ) in the Euclidean space R m 1 +1 :
, then the minimal and maximal principal curvatures of M 1 in R m 1 +1 are given by
Hence by choosing suitable a i , we obtain a family of examples of M 1 which satisfy the conditions in Theorem 1.3.
Preliminaries
In this section, we consider M 1 as a submanifold of the Euclidean space, and we get a key lemma for the proof of Theorem 1.3. We use the same idea as in [3] , [5] , [8] and [9] , etc., that is, taking the normal components of parallel vector fields of the Euclidean space where M 1 sits as the test sections.
We make the following convention on the ranges of indices:
We choose a local orthonormal frame {e 1 , . . . , e n+p } in M such that {e 1 , . . . , e n } is an orthonormal frame in T Σ ⊂ T M and {e n+1 , . . . , e n+p } is an orthonormal frame in T ⊥ Σ ⊂ T M. Since Φ is a minimal immersion, it is well-known that the Jacobi operator J of the second variation is a strongly elliptic operator acting on the sections of the normal bundle of Φ. For any η ∈ Γ(T ⊥ Σ), J is given by (see [9] )
Here ∇ ⊥ is the normal connection, h is the second fundamental form of Φ, A η is the shape operator of Φ,R is the curvature tensor on M = M 1 × M 2 and ⊥ denotes normal component. Then the immersion Φ is stable if and only if
Now let M 1 be an m 1 -dimensional compact submanifold in the Euclidean space R N 1 , and M 2 be any Riemannian manifold. We have the following immersions:
For any tangent vector v at a point
. We denote by ∇ , ∇ and D the Levi-Civita connections on Σ, M and R N 1 × M 2 , respectively. Let h,h and B 1 denote the second fundamental forms
, we decompose U as follows:
U, e j e j is tangent to Σ and
U, e β e β is normal to Σ in M .
By deriving the fixed vector U ∈ R N 1 with respect to e i , we obtain that
Taking the tangent and normal parts of (2.2) respectively, we obtain that
We choose a local orthonormal frame {e 1 , . . . , e n } in a neighborhood of the point p such that ∇ e i e j (p) = 0. By deriving (2.4) again, using (2.3)-(2.4), the Codazzi equation and the minimality, we have
From the definition of the Jacobi operator J and (2.5), we obtain that
(2.6)
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On the other hand, since T U + N U ∈ T M 1 , from the Gauss equation (2.1), we have
where we used the fact that {e 1 1 , . . . , e 1 n+p } is a spanning set of
from (2.6) and (2.7) we obtain that (2.8)
When M 1 is a compact submanifold in a Euclidean sphere S N 1 (c) with constant sectional curvature c > 0, we can still consider M 1 as a submanifold in the Euclidean space, as S N 1 (c) is a totally umbilical submanifold in the Euclidean space with unit normal ν. We have
We denote by B 1 the second fundamental form of the immersion f 1 : M 1 → S N 1 (c) and B 0 the second fundamental form of M 1 → R N 1 +1 . We have
From (2.8) and (2.9), we get
Hence from the definition of stability, we obtain the following key Lemma:
Lemma 2.1. Let Σ be a compact minimal submanifold in a Riemannian product manifold M = M 1 × M 2 , where M 1 is an m 1 -dimensional compact submanifold in a real space form R N 1 (c) (c ≥ 0), and M 2 is any Riemannian manifold. F is given by (2.10). If F > 0, for any local orthonormal frame {e 1 , . . . , e n+p } on M , where {e 1 , . . . , e n } = {e i } is tangent to Σ and {e n+1 , . . . , e n+p } = {e α } is normal to Σ, then Σ is unstable. If Σ is stable, then we have Σ F dΣ ≤ 0.
Remark 2.2. In Lemma 2.1, if M 2 vanishes, then the ambient space is a compact submanifold M in a real space form R n (c) with constant sectional curvature c (c ≥ 0), we have e 1 α = e α , e 1 i = e i . Denote by B the second fundamental form of the immersion M → R n (c), then
B(e i , e i ), B(e β , e β ) − 2||B(e i , e β )|| 2 + n(m − n)c.
Therefore, when M 2 vanishes, Lemma 2.1 becomes a well-known result due to Lawson and Simons [3] .
As we mentioned in the beginning of this section, for any tangent vector v at a point (p 1 , p 2 ) ∈ M 1 × M 2 , we have the decomposition v = (v 1 , v 2 ), where v i is tangent to M i at p i . The product structure P on the product space M = M 1 × M 2 is then defined by (see [9] )
It is clear that P is a linear isometry; P is parallel (i.e. ∇P = 0); P 2 = Id and trP = m 1 − m 2 . From the definition of P , it is easy to see that e 1 i = 1 2 (e i + P e i ) and e 1 α = 1 2 (e α + P e α ). Hence we obtain the following lemma. Lemma 2.3. (see [9] ) Denote by A the square n-matrix A = (a ij ) = e i , P e j and by B the square p-matrix B = (b αβ ) = e α , P e β , we have 
Proof of Theorem 1.3
In this section, we present the proof of Theorem 1.3.
Proof of Theorem 1.3. First, it is easy to check directly that all the submanifolds in the four cases in Theorem 1.3 are stable minimal submainfolds. In fact,
, are stable (see [9] for details).
Conversely, assume that Φ = (φ, ψ) : Σ → M = M 1 ×M 2 is a stable minimal immersion, where M 1 is a complete connected hypersurface in the Euclidean space R m 1 +1 , and M 2 is any Riemannian manifold. At a given point p 1 ∈ M 1 , we choose an orthonormal frame {ẽ 1 , . . . ,ẽ m 1 ,ẽ m 1 +1 } in R m 1 +1 such that {ẽ 1 , . . . ,ẽ m 1 } is a local frame tangent to M 1 and at p 1 ∈ M 1 , we have
where {λ r } are the principal curvatures of M 1 in R m 1 +1 corresponding to the principal directions {ẽ r }. From the Gauss equation (2.1), at p 1 ∈ M 1 , we have
Assume that the sectional curvature K M 1 of M 1 satisfies the following pinching condition:
for some constant ε ∈ (0, 1), then from (3.1) we have
Without loss of generality, we assume that
Since m 1 ≥ 3, from (3.2)-(3.3), it is easy to see that (cf. Lemma 3.2 in [7] ) 
where
Obviously, G(r, s) = G(s, r) ≥ 0. By (3.5) and Lemma 2. 
which implies that
Denote by
we have F = F 1 + F 2 + F 3 . By the Cauchy-Schwarz inequality, we have trA 2 ≥ (trA) 2 n , and the equality holds if and only if A = λI n for certain function λ. This implies
Since λ r ≤ 1/ε, ∀ 1 ≤ r ≤ m 1 (see (3.4)), we obtain that
So we get
. We discuss the following two different cases:
Since −n ≤ trA ≤ n, we have trA + n ≥ 0 and f (trA) ≥ min{f (−n), f (n)} = 0, which together with (3.10) implies that F ≥ 0. On the other hand, since Σ is stable, from Lemma 2.1 we know that Σ F dΣ ≤ 0, hence we get F = 0. Then all the equalities hold in the above inequalities. That is, we have F 3 = 0, all the equalities in (3.7)-(3.9) hold and (trA + n)f (trA) = 0.
Since λ r λ s ≤ 1(r = s), there exists at least one r (1 ≤ r ≤ m 1 ) such that λ r < 1 ε , then "=" in (3.8) implies that for this r, we have
from which we conclude that λ 2 = 1, A = ±I n and n = m 1 if A = I n .
So finally we obtain that either A = I n and n = m 1 or A = −I n .
Case 2. n > m 1 . We adapt an argument similar to that in [9] . For any point x ∈ Σ, we have that dim ker dφ x ≥ n−m 1 , hence there exists an (n−m 1 )-dimensional linear subspace V x ⊂ T x Σ such that P v = −v for any v ∈ V x . Thus, we can decompose
where Z x is orthogonal to V x and dim Z x = m 1 . Then the matrix A can be written as
withÂ ij = P z i , z j , and {z 1 , . . . , z p } being an orthonormal basis of Z x . Hence,
and by the Cauchy-Schwarz inequality, we have
where the equality holds if and only ifÃ = λI m 1 for certain function λ. Using an analogous argument to that in Case 1, from (3.8)-(3.12), we get
where we used the fact that
. On the other hand, since Σ is stable, from Lemma 2.1 we know that Σ F dΣ ≤ 0, hence we get F = 0. Then all the equalities hold in the above inequalities. That is, we have that F 3 = 0 and all the equalities in (3.8), (3.9) and (3.12) hold. Since λ r λ s ≤ 1(r = s), there exists at least one r (1 ≤ r ≤ m 1 ) such that λ r < So we get that λ 2 = 1,Ã = ±I m 1 . Finally, we get that either A = −I n or A = −I n−m 1 ⊕I m 1 .
In summary, if Ψ is stable, we obtain that the matrix A has only three possibilities:
(i)A = I n and n = m 1 , (ii)A = −I n , (iii)A = −I n−m 1 ⊕ I m 1 .
After an analogous argument to that in [9] , we obtain that (i) A = I n and n = m 1 leads to case (1) in Theorem 1.3, (ii) A = −I n leads to cases (2) and (3) In particular, when the ambient space is an m-dimensional (m ≥ 3) complete hypersurface M in R m+1 , we regard M as a Riemannian product of M 1 = M and a point p 2 . We use proof by contradiction. Assume that Σ is a stable minimal submanifold in M , we use the same notations as in (3.6) , in this case, it is easy to see that dim M = m = m 1 > n and A = I. Set ε 2 = 1 √ m+1
, from (3.10) we obtain that F ≥ 0. Using a same argument as in the proof of Case 1 above, we obtain that n = m, which contradicts the fact that dim M = m > n. Hence, we conclude that in this case there exist no stable minimal submanifolds in M . This completes the proof of Theorem 1.3.
⊓ ⊔
